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A directional continuous wavelet
transform on the sphere
J. D. McEwen, M. P. Hobson, A. N. Lasenby

Abstract— A new construction of a directional continuous
wavelet analysis on the sphere is derived herein. We adopt
the harmonic scaling idea for the spherical dilation operator
proposed recently by Sanz et al. [1] but extend the analysis to a
more general directional framework. Directional wavelets are a
powerful extension that allow one to probe oriented structure
in the analysed function also. In our new spherical wavelet
methodology all functions and operators are defined directly on
the sphere. The construction of wavelets in our framework is
demonstrated with an example.
Index Terms— Wavelet transforms, spheres, convolution.

I. I NTRODUCTION

T

HE extension of wavelet analysis to a spherical manifold
is of important theoretical and practical interest. Wavelets
are a powerful signal analysis tool due to the spatial and scale
localisation encoded in the analysis. The usefulness of such
an analysis has previously been demonstrated on a large range
of physical applications. However, many of these applications
are restricted to Euclidean space Rn , where the dimension
of the space n is often one or two. Nevertheless, data are
often defined on other manifolds, such as the 2-sphere (S 2 ;
hereafter we refer to the 2-sphere simply as the sphere). For
example, applications where data are defined on the sphere
are found in astrophysics (e.g. [2], [3]), planetary science
(e.g. [4]–[6]), geophysics (e.g. [7]–[9]), computer vision (e.g.
[10]) and quantum chemistry (e.g. [11], [12]). A wavelet
transform on the sphere is required to realise the potential
benefits of a wavelet analysis in these settings. In this work
we construct a new directional continuous spherical wavelet
transform (CSWT).
A number of attempts have been made previously to extend
wavelets to the sphere. Discrete second generation wavelets
on the sphere that are based on a multi-resolution analysis
have been developed [13], [14]. Haar wavelets on the sphere
for particular tessellation schemes have been developed also
[15], [16]. However, these discrete constructions may not lead
to a stable basis (see [17] and references therein). Furthermore, the symmetry of the sphere is clearly lost when a
tessellation scheme is adopted. Other authors have focused
on the continuous wavelet transform on the sphere. Continuous spherical wavelets have been constructed directly from
spherical harmonic functions or Legendre polynomials by [18],
[19], however these solutions suffer from poor localisation and
require an abstract dilation parameter that imposes a number of
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ad hoc assumptions. A satisfactory extension of the continuous
wavelet transform to the sphere is defined by [20], however
this construction also requires an abstract dilation parameter
and corresponding ad hoc assumptions. Others adopt a tangent
bundle viewpoint [21], [22], thereby avoiding the necessity
to define a dilation operator on the sphere. Many of these
previous works also consider azimuthally symmetric wavelets
only and do not make the extension to a directional analysis. A
consistent and satisfactory framework for a directional spherical wavelet transform has been constructed and developed
by [23]–[29]. This transform was derived entirely from group
theoretic principles originally [23], however the formalism has
since been reintroduced independently of the original group
theoretic formalism in an equivalent, practical and consistent
approach [29]. In these works a dilation operator is derived on
the sphere, which may be conceptualised as the conjugation
by the stereographic projection of the usual Euclidean dilation
in the plane. For a more detailed review of the attempts made
to construct a wavelet transform on the sphere see [23], [24],
[30].
Recently, an alternative wavelet construction on the sphere
has been derived by [1]. In this setting the spherical dilation
operator is defined by a scaling operation in spherical harmonic space. In this construction all functions and operations
are defined directly on the sphere. However, the derivation
presented by [1] is not fully general and is restricted to azimuthally symmetric wavelets. We adopt the harmonic scaling
idea for the dilation operator proposed by [1] but extend the
spherical wavelet analysis to incorporate directional wavelets.
Directional wavelets are a powerful extension that allow one
to probe oriented structure in the analysed function also (see
e.g. [26] for a discussion of directional wavelets).
The remainder of this paper is organised as follows. We
begin by outlining some mathematical preliminaries in section II. In section III and section IV we derive the spherical
wavelet analysis and synthesis respectively. In section V we
show some properties of our spherical wavelet construction.
We demonstrate in section VI the construction of spherical
wavelets in our formalism. Finally, concluding remarks are
made in section VII.
II. M ATHEMATICAL PRELIMINARIES
It is necessary first to outline some mathematical preliminaries before constructing the wavelet transform on the sphere.
By making all assumptions and definitions explicit we hope to
avoid any confusion over the conventions adopted. The reader
familiar with harmonic analysis on the sphere may skip this
section and refer back to it as required.
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We consider the space of square integrable
functions L2 (S 2 , dΩ) on the unit 2-sphere S 2 , where
dΩ(ω) = sin θ dθ dφ is the usual rotation invariant measure
on the sphere and ω ≡ (θ, φ) ∈ S 2 denotes spherical
coordinates with colatitude θ and longitude φ. A square
integrable function on the sphere f ∈ L2 (S 2 , dΩ) may be
represented by the spherical harmonic expansion
f (ω) =

∞ X
`
X

f`m Y`m (ω) ,

`=0 m=−`

where the spherical harmonic coefficients are given by the
usual projection on to the spherical harmonic basis functions
Z
∗
f`m =
dΩ(ω) f (ω) Y`m
(ω) .
S2

The ∗ denotes complex conjugation. We adopt the CondonShortley phase convention where the normalised spherical
harmonics are defined by
s
2` + 1 (` − m)! m
P (cos θ) eimφ ,
Y`m (ω) = (−1)m
4π (` + m)! `
where P`m (x) are the associated Legendre functions. Using
this normalisation the orthogonality of the spherical harmonic
functions is given by
Z
dΩ Y`m (ω)Y`∗0 m0 (ω) = δ``0 δmm0 ,
(1)
S2

where δij is the Kronecker delta function.
To construct a directional CSWT on the sphere one must
consider rotations on the sphere. Rotations on the sphere are
characterised by the elements of the rotation group SO(3),
which we parameterise in terms of the three Euler angles
ρ = (α, β, γ).1 The rotation of f is defined by
[R(ρ)f ](ω) = f (ρ−1 ω), ρ ∈ SO(3) .
It is also useful to characterise the rotation of a function on the
sphere in harmonic space. The rotation of a spherical harmonic
basis function may be represented by a sum of weighted
harmonics of the same ` [12], [31]:
[R(ρ)Y`m ] (ω) =

`
X

`
Dnm
(ρ) Y`n (ω) ,

(2)

n=−`
`
where the Wigner functions Dmn
(ρ) are described below.
From (2) it is trivial to show that the harmonic coefficients of
a rotated function are related to the coefficients of the original
function by

[R(ρ)f ]`m =

`
X

`
Dmn
(ρ) f`n .

(3)

n=−`

min(`+m,`−n)

d`mn (β)

=

X

(−1)t

t=max(0,m−n)
1/2

[(` + m)! (` − m)! (` + n)! (` − n)! ]
(` + m − t)! (` − n − t)! (t + n − m)! t!
  2`+m−n−2t   n−m+2t
β
β
× cos
,
sin
2
2

×

and the sum over t is defined so that the arguments of the
factorials are non-negative. The Wigner functions satisfy the
orthogonality condition
Z
8π 2
`∗
`0 ∗
δ``0 δmm0 δnn0 , (5)
dρ Dmn
(ρ) Dm
0 n0 (ρ) =
2` + 1
SO(3)
where dρ = sin β dα dβ dγ. Recursion formulae are available
to compute rapidly the Wigner d-matrices in the basis of either
complex [11], [32] or real [33], [34] spherical harmonics.
III. A NALYSIS
We adopt the strategy suggested by [1] and define spherical
wavelets and the spherical dilation operator in harmonic space.
We extend this idea here to a directional wavelet transform on
the sphere. The dilated wavelet Ψ(ω; R) is defined in harmonic
space by
r
2` + 1
(6)
Υm (`R) ,
Ψ`m (R) =
8π 2
where Ψ`m (R) are the spherical harmonic coefficients of
Ψ(ω; R), Υm (q) are the family of wavelet generating functions and R ∈ R+
∗ is the real, strictly positive dilation
parameter. Note that the wavelet generating functions are
not defined on the sphere but rather on the non-negative
real line: Υm ∈ L2 (R+ , dx), m ∈ Z (although we consider
only |m| < ` for Ψ`m (R), we are in general free to define
Υm , ∀m ∈ Z). For the functions Ψ(ω; R) to classify as
wavelets they must satisfy certain admissibility criteria so
that the analysed function may be reconstructed perfectly
from its wavelet coefficients. We consider admissibility and
the synthesis of a function from its wavelet coefficients in
section IV.
An overcomplete wavelet basis on the sphere may be
constructed from the following spherical wavelet family:
{[R(ρ)Ψ](ω; R) | ρ ∈ SO(3), R ∈ R+
∗}.
The directional CSWT of f ∈ L2 (S 2 , dΩ) is given by the
projection onto each wavelet basis function in the usual
manner:
Z
f
dΩ(ω) f (ω) [R(ρ)Ψ]∗ (ω; R) .
(7)
WΥ (R, ρ) ≡
S2

Note carefully the distinction between the indices of the
Wigner functions in (2) and (3). The Wigner functions may
be decomposed as [12], [31]
`
Dmn
(α, β, γ) = e−imα d`mn (β) e−inγ ,

where the real polar d-matrix is defined by [31]

(4)

1 We adopt the zyz Euler convention corresponding to the rotation of a
physical body in a fixed co-ordinate system about the z, y and z axes by γ,
β and α respectively.

The transform is general in the sense that all orientations
in the rotation group SO(3) are considered, thus directional
structure is naturally incorporated. It is important to note,
however, that only local directions make any sense on S 2 .
There is no global way of defining directions on the sphere2 –
2 There is no differentiable vector field of constant norm on the sphere and
hence no global way of defining directions.
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there will always be some singular point where the definition
fails.
It is useful to represent the CSWT in terms of harmonic
coefficients. Substituting into (7) the spherical harmonic expansion of the analysed function and of the rotated wavelet,
and noting the orthogonality of the spherical harmonics given
by (1), one may represent the CSWT by
f
WΥ
(R, ρ) =

∞ X
`
`
X
X

`∗
f`m Dmn
(ρ) Ψ∗`n (R) .

(8)

`=0 m=−` n=−`
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(12) and making the change of variables q = `R, the
admissibility constant may be rewritten as
Z ∞
`
X
dq
`
|Υm (q)|2 < ∞ .
(14)
0 < CΥ =
q
0
m=−`

R∞

dq
q

Since 0
|Υn (q)|2 is always non-negative it is possible
to recast the admissibility
condition on the family Υm in the
R∞
following form: 0 dq
|Υm (q)|2 < ∞, ∀m ∈ Z and ∃m ∈ Z
q
R∞
2
such that 0 dq
q |Υm (q)| 6= 0 .

IV. S YNTHESIS

V. P ROPERTIES

For the multi-resolution analysis we describe in the previous section to classify as a wavelet analysis, it must be
possible to reconstruct perfectly the original function from
its wavelet coefficients and the wavelet basis functions. To
ensure that this is possible the wavelets must satisfy certain
admissibility criteria. We derive the admissibility criteria and
perfect reconstruction formula in this section. We then relate
the admissibility condition for each wavelet basis function to
an equivalent condition for the family of wavelet generating
functions.
Consider the expression
Z ∞
Z
dR
f
dρ WΥ
(9)
(R, ρ) [R(ρ)LΥ Ψ](ω; R) ,
R
0
SO(3)

In this section we describe some properties of the wavelet
basis functions and the wavelet coefficients of the CSWT
derived in the previous sections.

where the LΥ operator in L2 (S 2 , dΩ) is defined by the action
`
(LΥ g)`m = g`m /CΥ

(10)

on the spherical harmonic coefficients of functions
`
g ∈ L2 (S 2 , dΩ) (CΥ
is defined below). Substituting the
harmonic representation of the wavelet coefficients given by
(8) and the harmonic representation of [R(ρ)LΥ Ψ](ω; R)
into (9), and noting the orthogonality of the Wigner functions
defined by (5), (9) may be rewritten as

Admissible wavelets are compensated (i.e. have zero mean):
Z
dΩ(ω) Ψ(ω; R) = 0, ∀R ∈ R+
∗ .
S2

We show this property by noting that admissibility imposes
the condition Υm (0) = 0, ∀m ∈ Z. Considering the spherical
harmonic transform of the wavelet,
r
Z
2` + 1
∗
Υm (`R) =
dΩ(ω) Ψ(ω; R) Y`m
(ω) ,
8π 2
S2
and setting ` = 0 and m = 0 we obtain the compensation
property.
B. Wavelet energy
The energy of a wavelet at a particular dilation scale is given
by
2

kΨ(R)k

∞ X
`
X

1
f`m Y`m (ω) `
CΥ
`=0 m=−`
Z
`
8π 2 X ∞ dR
|Ψ`n (R)|2 .
×
2` + 1
R
0

A. Compensation

Z

=

For perfect reconstruction we require the admissibility criteria
Z ∞
`
8π 2 X
dR
`
0 < CΥ ≡
|Ψ`m (R)|2 < ∞ , (12)
2` + 1
R
0

S2
∞
X

`
X

|Ψ`m (R)|2

`=0 m=−`

(11)

n=−`

dΩ(ω) |Ψ(ω; R)|2

≡

=

∞ X
`
X
2` + 1
|Υm (`R)|2 ,
8π 2
`=0 m=−`

where in the second line we have made use of the orthogonality of the spherical harmonics described by (1).

m=−`

`
to hold ∀`. We call CΥ
the admissibility constant. If admissibility is satisfied it is apparent from (11) that the original
function may be reconstructed by
Z ∞
Z
dR
f
f (ω) =
dρ WΥ
(R, ρ)
R SO(3)
0
× [R(ρ)LΥ Ψ](ω; R) .
(13)

We relate the admissibility criteria that each spherical wavelet
must satisfy to an equivalent admissibility condition for the
family of wavelet generating functions. Substituting (6) into

C. Function energy
The energy of the analysed function is given by
Z
kf k2 ≡
dΩ(ω) |f (ω)|2
=

S2
∞
X

`
X

|f`m |2 ,

`=0 m=−`

where in the second line we have made use of the orthogonality of the spherical harmonics described by (1). We may
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also relate the energy of the function directly to its spherical
wavelet coefficients:
Z ∞
Z
dR
LΥ f
f∗
kf k2 =
dρ WΥ
(R, ρ) WΥ
(R, ρ) .
R SO(3)
0
To show this property we substitute the harmonic representation of the wavelet coefficients given by (8) and note the
orthogonality of both the spherical harmonics and Wigner
functions described by (1) and (5) respectively.
D. Wavelet domain variance
The variance of the wavelet coefficients for a particular scale
is used by [1] as a measure of the concentration properties of
the wavelet transform. However, this measures the variance
of the wavelet coefficient values and not the localisation of
energy in wavelet space. In any case, it is useful to relate
variance in the wavelet domain to the energy of the analysed
function and wavelet.
The variance of the wavelet coefficients for a particular scale
is given by

D
E2
h
i2 
2
f
f
f
(R, ρ)
,
∆WΥ (R) = WΥ (R, ρ)
− WΥ
where we define the expected value over rotations of
G(ρ) ∈ L2 (SO(3), dρ) by
Z
1
hG(ρ)i =
dρ G(ρ) .
8π 2 SO(3)
The expected value of the wavelet coefficients is given by
D

∞ X
`
`
E X
X
f
`∗
WΥ
(R, ρ) =
f`m Ψ∗`n (R) Dmn
(ρ)
`=0 m=−` n=−`

and
`∗
Dmn
(ρ)

=

1
8π 2
Z
×

Z

2π

dα eimα

0
2π

Z

π

dβ sin β d`∗
mn (β)

0

dγ einγ
Z 1
1
=
δm0 δn0
P` (x) dx
2
−1
= δ`0 δm0 δn0 ,
0

where we have applied the Wigner D-function decomposition
described by (4). The expected value of the wavelet coefficients is thus
D
E
f
WΥ
(R, ρ) = f00 Ψ∗00 (R),
which is zero for an admissible wavelet. The variance of the
wavelet coefficients is therefore given by


h
i2
2
f
f
=
WΥ (R, ρ)
∆WΥ (R)
=

∞ X
`
`
X
X
`=0 m=−` n=−`

1
|f`m |2 |Ψ`n (R)|2 ,
2` + 1

where the second line follows from the harmonic representation of the wavelet coefficients given by (8) and by the
orthogonality of the Wigner functions described by (5).

VI. WAVELET CONSTRUCTION
In the spherical wavelet framework outlined herein wavelets
on the sphere are constructed directly in spherical harmonic
space. Spherical wavelets may be constructed in harmonic
space from the analogue of the Fourier definition of planar
Euclidean wavelets. We must then check that the candidate
wavelets are admissible. In this section we demonstrate the
construction of a directional spherical wavelet with an example.
We construct the spherical analogue of the Morlet wavelet
using our spherical wavelet formalism. Note that this differs
from the definition of the spherical Morlet wavelet constructed
from the projection of the planar Morlet wavelet on to the
sphere [25], [26]. The planar Morlet wavelet is defined by a
Gaussian in Fourier space centered on the wave vector of the
wavelet, hence we define the analogue of the Morlet wavelet
on the sphere by a Gaussian in spherical harmonic space.
Various associations between Fourier and spherical harmonic
space are possible. Here we choose to assocate ` and m in
spherical harmonic space with the x and y components of a
vector in Fourier space respectively.3 The wavelet generating
functions are defined by
Υm (`R) = e−

(`R−L)2 +(m−M )2
2

− e−

(`R)2 +L2 +(m−M )2
2

, (15)

where L ∈ N and M ∈ Z, |M | < L define the centre of
the Gaussian when R = 1. The correction term subtracted
is included to ensure admissibility (and takes a similar form
to the correction used to ensure the planar Morlet wavelet
is admissible [26]). For numerical purposes, when L ≥ 5
the correction is numerically negligible and may simply be
ignored. Moreover, for numerical purposes it is possible to
relate the maximum spherical harmonic√ `max that must be
considered to L and R: `max = d(L + −2 lnε)/Re, where
ε is the allowable relative error and dxe is the smallest
integer greater than or equal to x. We adopt the relation
`max = d(L + 5)/Re, which ensures ε < 10−5 .
Before proceeding it is necessary to check that the candidate
wavelet generating functions generate admissible spherical
wavelets. We must show that the admissibility integral for the
wavelet generating functions, given by
Z ∞
Z ∞
dq
dq −q2 qL
2
−[L2 +(m−M )2 ]
|Υm (q)| = e
e (e − 1)2 .
q
q
0
0
converges. To do this, we split the range of integration up
into the interval (0, ), where  > 0 is small, and the interval
(, ∞). For the latter, we can appeal to the comparison test
2
for integrals since the ratio of 1q e−q (eqL − 1)2 to q −2 tends
R ∞ dq
to zero as q → ∞, for any L, and  q2 is finite (provided
 > 0). For the lower range, we note
R  that the expansion of the
integrand for small q is qL2 , and 0 dq qL2 is finite.
In this section we have demonstrated the construction of
admissible wavelets on the sphere in the spherical wavelet
framework described herein. In particular, we have constructed
3 Alternatively one may choose to associate ` with the length of a vector in
Fourier space and m with its phase. We have considered this association also,
although the support of the resulting functions is not so compact. Moreover,
we have not yet shown that the candidate wavelets that result are admissible.
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the analogue of the Morlet planar wavelet. In Fig. 1 and Fig. 2
we plot this spherical wavelet for (L, M ) = (10, 0) for a
dilation scale of R = 1 and R = 0.5 respectively. Note
that this construction yields a spherical wavelet that differs
to the spherical Morlet wavelet constructed by projecting the
planar Morlet wavelet on to the sphere (to make a comparison see [25], [26]). Other wavelets on the sphere may be
constructed in our framework in a similar manner. Although
we have constructed complex spherical wavelets, real wavelets
may be constructed simply by ensuring the reality condition
Υ−m (q) = (−1)m Υ∗m (q) is satisfied.
VII. C ONCLUDING REMARKS
We have presented the construction of a new directional
continuous wavelet transform on the sphere. Dilation on the
sphere is performed by a scaling in harmonic space, as recently
proposed by [1]. We extend the spherical wavelet analysis
presented by [1] to a more general directional framework,
allowing one to probe oriented structure of the analysed
function. Our framework has the advantage that all wavelets
and operators are defined directly on the sphere. Once the
wavelet analysis is performed, the original function may be
reconstructed perfectly from its wavelet coefficients and the
wavelet basis functions. We have proved the corresponding
synthesis formula and have derived the resulting admissibility criteria that the wavelets must satisfy. Wavelets are
constructed in our framework in spherical harmonic space. We
have demonstrated the construction of a wavelet basis with
the example of the analogue of the Morlet wavelet in our
spherical wavelet setting. Other wavelets on the sphere may
be constructed in our framework in a similar manner.
Not only is the extension of a wavelet analysis to a spherical manifold of important theoretical interest, it is also of
important practical use in order to extend the potential benefits
afforded by a wavelet analysis to data that are defined on the
sphere. For data sets of practical size, that may contain tens of
millions of pixels, it is imperative to have a fast algorithm for
performing the spherical wavelet analysis. In a recent work
we have presented fast algorithms to perform a directional
CSWT [35] (for the CSWT derived by [23]–[29]). Fortunately,
for a given dilation the analysis formula described herein is
identical to that considered in these works. Our fast algorithms
are therefore directly applicable to our new directional wavelet
construction.
The application of our spherical wavelet transform to practical data is beyond the scope of this paper. In a future work
we intend to examine the localisation properties of spherical
wavelets constructed in our framework using numerical simulations and to apply these to analyse the anisotropies of the
cosmic microwave background (CMB). Spherical wavelets are
a powerful tool for analysing the CMB, from which we are
able to learn a great deal about the physics of the early universe
[36]–[38].
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Fig. 1. Plots of the analogue of the Morlet wavelet constructed on the sphere
for R = 1 using the formalism outlined herein. Parametric plots are shown
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A. N. Lasenby, “Detection of the ISW effect and corresponding dark
energy constraints made with directional spherical wavelets,” submitted
to Mon. Not. Roy. Astr. Soc., 2006.

Jason McEwen was born in Wellington, New
Zealand, in August 1979. He received a B.E. (Hons)
degree in Electrical and Computer Engineering from
the University of Canterbury, New Zealand, in 2002.
Currently, he is working towards a Ph.D. degree
at the Astrophysics Group, Cavendish Laboratory,
Cambridge. His area of interests include spherical
wavelets, the cosmic microwave background and
wavelet based reflectance and illumination in computer graphics.

Michael Hobson was born in Birmingham, England,
in September 1967. He received the B.A. degree in
natural sciences with honours and the Ph.D. degree
in astrophysics from the University of Cambridge,
England, in 1989 and 1993 respectively.
Since 1993, he has been a member of the Astrophysics Group of the Cavendish Laboratory at
the University of Cambridge, where he has been
a Reader in Astrophysics and Cosmology since
2003. His research interests include theoretical and
observational cosmology, particularly anisotropies in
the cosmic microwave background, gravitation, Bayesian analysis techniques
and theoretical optics.

7

Anthony Lasenby was born in Malvern, England,
in June 1954. He received a B.A. then M.A. from
the University of Cambridge in 1975 and 1979, an
M.Sc. from Queen Mary College, London in 1978
and a Ph.D. from the University of Manchester in
1981.
His Ph.D. work was carried out at the Jodrell
Bank Radio Observatory specializing in the Cosmic
Microwave Background, which has been a major
subject of his research ever since. After a brief
period at the National Radio Astronomy Observatory
in America, he moved from Manchester to Cambridge in 1984, and has been
at the Cavendish Laboratory Cambridge since then. He is currently Head of
the Astrophysics Group and the Mullard Radio Astronomy Observatory in the
Cavendish Laboratory, and a Deputy Head of the Laboratory. His other main
interests include theoretical physics and cosmology, the application of new
geometric techniques in computer graphics and electromagnetic modelling,
and statistical techniques in data analysis.

